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§ 1. Introduction 
The purpose of this paper is to generalize to several complex variables the fol-
lowing classical facts. Let D be the upper halfplane, l m z > 0 . In analogy to the 
usual Hardy spaces HP(D) one can define the spaces H"(Z\D) of periodic holo-
morphic functions (with period 1) on D. Adjoining a point at infinity and introduc-
ing the new variable z'=e2mz, these spaces are transformed to the Hp -spaces of the 
unit disc; their theory can however be studied without using this transformation. 
It is immediate that {e2"imz}^=0 is a complete orthonormal system in H2(Z\D), 
hence the Cauchy—Szegő kernel (the reproducing kernel of H2(Z\Z))) is 
(2-iv) _ 1 _L ootg n ( Z _ w). 
Z — w + ( z + n — w n J] 
which can be regarded as a periodicization of i(2n)~l(z—w)~l, the Cauchy—Szego 
kernel of D. As z and w approach the real line, (1. 2) becomes a periodicized Hil-
bert transform kernel, to which the theory of periodic singular integrals [3] applies. 
In this way, one gets a proof of the theorem of M. Riesz on the conjugate function. 
In the present paper, D will be a generalized halfplane analytically equivalent 
with the unit ball in C" ( « > 1 ) . For simplicity of notation, we will assume n= 2, 
but everything extends to the general case. The boundary of D can be identified 
with a certain nilpotent Lie group often referred to as a Heisenberg group, and 
the role of Z is taken by a discrete co-compact subgroup f of 91. In the case n =» 1 , 
r\D is not contained in any Stein manifold, as one sees easily by the boundedness 
of holomorphic functions at infinity (§ 4) and by topological reasons. We prove the 
analogue of the identity of (I. 1) and (I. 2) by Fourier transform methods ((5. 3), 
(1.1) 







176 A. Korányi 
(5. 6), Theorem 5. 2). In § 2, we develop in a slightly more general setting the necessary 
theorems about periodic singular integrals on nilpotent groups. In § 6, we prove the 
generalized M. Riesz theorem. 
Along the way, in §4, we also discuss the position of H 2 ( r \ D ) in relation to 
the harmonic analysis of the regular representation on L 2 ( r \ 9 l ) and we point out 
that the transformation formula for 0-functions is, up to a constant factor of modulus 
one, a consequence of our results. In §7, we make some observations about the 
Bergman kernel of r\D. 
Independently and in a different context, H. Rossi has also considered the 
manifold r\D and also constructed the orthogonal system (4. 3). I wish to express 
to him my thanks for several useful conversations on this subject. 
§ 2. Singular integrals on compact nilmahifolds 
Let G be a connected, simply connected nilpotent Lie group, e its identity ele-
ment. Let {a(i)} be a multiplicatively written one-parameter group of automorphisms 
of G such that 
(2.1) lim a(t)g = e 
t-0 
. for all g£G, and such that the induced automorphisms a^(t) of the Lie algebra are 
diagonalizable. • -
Let dg be a fixed Haar measure on G. Then there exists q > 0 such that 
(2.2) - '• d(a(t)g) = t"dg 
for all f > 0 . 
Given any real s, a function f defined on G— {e} is said to be homogeneous of 
degree s if, for all / > 0, g 6 G, 
f(a(t)g) = 
Let gi— |g| be a strictly positive, continuously differentiable function on G— {e}, 
homogeneous of degree 1, and such that l&l- This function is then necessarily 
a gauge in the sense of [7], i.e. 
.(2.3). \gh\^x(.\g\ + \h\) 
for all g,h£G with some universal x, and the.sets 
• 5 ( r ) - G l j g U r} • 
. which form a base of neighborhoods of e, have measure m(B(r)) proportional 
to /•«. - . 
. In [7], the.largest eigenvalue of the infinitesimal generator of {a*(i)} was denoted 
,by a. As explained on p. 604 of [7], it is no restriction of generality to assume v.— I. 
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We will assume this in this section; our results (Theorems 2. 1 and 2. 2) are, of course, 
valid without change for any value of a. 
Before stating our first theorem, we recall the special cases of Lemmas 5. 1. 
and 5. 2. in [7] which we will need repeatedly; 
Let / b e homogeneous of degree s and continuously differentiable on G—{e}. 
Then, for all 0 < a < 6 , 
(2.4) / • / « ' * - E r t " T V i " " * 
l C ( l o g 6 - l o g a ) if s=-q 
with some constant C. Furthermore, there exist numbers M, N^ 1 such that, 
whenever N\h|<\g|. 
T h e o r e m 2. 1. Let k:G— {e}-*-R be continuously differentiable, homogeneous 
of degree — q, and such that J k(g)dg — 0 
for some (hence all) 0 < a < 6 . Let k(e) = 0. Let r be a discrete subgroup of G. Then 
for g, h in any compact subset of G, 
(2.6) k*(g,h) = Z[k{h-lyg)-k{y)} 
yir 
converges normally after the omission of finitely many terms. For any y, 5 £ r. 
(2-7) k*(yg,5h) = k*(g,h). 
P r o o f . Let g, h be in a compact subset; then |g|, with the some constant 
C. For |g| = C and |y| large we have 
(2-8) M S * M. , 
In fact, this follows since the homogeneity of the gauge and (2. 5) imply |— |y|| < 
M\g\ whenever TV 
By (2. 8) and (2. 5), it follows that 
\k(h-iyg)-k(y)\^C'\y\-*-1 
for \h\, | g | S C and |y| large. The first assertion of the theorem follows if we show 
• 
for some R. 
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Let 0 be such that the sets yB(r) (y£F) are all disjoint. Now, fo r | g | < r and 
|y |>:R, with an appropriate R, we have (2. 8), and hence 
2 2 f lvgl'*-1^-T^tr J \s\~"-ldg M=>« m(B(r)) ITI=-R BM m{B{r)) k\iR,2 
which is finite by (2.4). 
To prove the second assertion, we show that k*(5g, h)=k*(g, h) for any fixed 
<5 6 r . Since the same method also proves k*(g, 5h)=k*(g, h), this will finish the 
proof. 
By absolute convergence of (2. 6),. it suffices to show that 
(2.9) 2 [k(!r1y5g)-k(h-tyg)] = 0. 
itr 
We note that, for large R, |y| < R—M\8\ implies 
(2.10) |y 5 \ ^ R . 
This follows from (2. 5) when |yj>iV|<5i and from (2. 3) when |y|S^"|<5|. 
Consequently, 
(2.11) 2 [k(h-ty5g)-k(h-iyg)] 
is majorized by 
Z I k(h-lyg)\. 
By homogeneity, We use (2. 8) as in the proof of the first assertion, 
and then use (2. 10) which is true for any fixed 5 (not necessarily in F) to obtain the 
majorization of (2. 11) by 
where c = M\8\ + Mr. By (2. 4) this integral tends to 0 as finishing the proof. 
From now on let T be a discrete subgroup such that r \ G is compact. As usual, 
we will identify functions on r\G with functions f on G such that f(yg)=f(g) for 
all y £ r , g £ G. We choose a fundamental domain Q for the action of r on G such 
that e£Q; as it is shown in [1] (p. 54), Q can be chosen as the exponential image 
of aft interval in the Lie algebra. There is a right (/-invariant measure on r\G 
given by 
/ / = f/(g}dg. 
r\G fi 
We denote by L"(r\G) the usual L"-spaces with respect to this measure. 
For g, G, we define 
Q(g,h) = inf l / j -^ygl . 
vzr 
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It is clear f rom (2. 3) that, for any g,h,l£G, 
Also, g(yg, Sh)= Q(g, h) for y, so q can be regarded as a pseudodistance 
on r\G. 
Given k and k* as in Theorem 2..1, we define, for small e > 0 , 
ik*(g,h) if e(g,h)^s 
This is a bounded measurable function on P\G, therefore the operator AE defined 
on Lp(r\G) (1 co) by 
(Acf)(g) = fmk*-£(g,h)dh 
r\G 
is bounded. 
As in [7], we also define ks on G by 
1 0 if 
T h e o r e m 2 .2 . Let 1 </?<«>. For all / £ L p ( r \ G ) , Af= lim Acf exists in 
e-0 
Lp(r\G), and A is a bounded operator on L"(P\G). 
P r o o f . Let 
(2.12) E={(g,h)\g£Q;h£iig}. 
Then k*(g, h)—k(h"ig) is bounded on E ; this follows f rom the easily proven fact 
that, for small e > 0 , (g,h)£E implies \h~lyg\>s for all 
Define, for, for g £ Q , 
(37) (i) = f m [k* (g, hi- k{h-1 g)] dh 
Sig 
{T\f)(g) = ¡f(h)[k*^(g,h)-k\h-ig)]dh. . 
«9 
Since, for fixed g, Qg is also a fundamental domain for r , it is clear by classical 
arguments that T, T E are bounded operators LP (r\G) -*LP(Q) and lim T=T in 
e-0 
the strong operator topology. 
Let A\ = AE-Te regarded as an operator Lp(r\G) ~LP(Q). To prove the 
theorem it is enough to show that lim A\ exists strongly. For this, in turn, it is 
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enough to show that if £, f / - 0 , then A\"f= A \ f - A \ f - 0 in L"(Q) for all 
/€ L" (r\G).Note that we have, for g£Q, 
( ¿ i / ) f e ) = fmk'ih-^dh. 
Qg 
We define the function fx on G by 
J l ( 8 ) 1 0 if g$Q2. 
By compactness, Q2 is covered by finitely many translates of Q; hence II f \ I ILP (G ) — 
^ M \ \ fWjj,(r\G) with some constant M. 
For functions on G, let Bc denote the operator of convolution by ke. By [7] 
(Theorem 5. l) ,Iim Be exists strongly. So BE'«fi = B'/i-BVi'-* 0 in LP(G) as 
£-0 
e, 77—O. Hence, B'-'f! - 0 also as an element of LP(Q). 
Now, for g £ Q, we have, by a change of variable, 
G-g-^g 
By compactness, there exists 7-o>0 such that B(r0)<zg~l Qg for all g£Q. Thus, the 
last integral is 0 for £, r\ < r 0 , finishing the proof. 
R e m a r k . It is possible to show that the singular integral in the sense of [7] 
converges also a.e., not only in LP(G). Using this, it is easy to show by the method 
of [3] that our lim Aef(g) also exists for a.a. g. With this fact available, the proof of 
£-0 
Theorem 2. 2. can be slightly simplified along the lines of [3]. 
§ 3. TP-spaces 
In the following, we consider the domain D of [7, § 6], but.only in the special 
case of two variables. The reason for this restriction is that all significant features 
of our problem already appear in this special case. Everything that follows is trivially 
generalizable to n variables, the material of the present section, even to any generalized 
halfplane. 
So, let 
D = {(zuZ2)£ C2\ ImZi-iN^O} 
and let B be its boundary. Let 91 be the subgroup of the group of holomorphic 
automorphisms of D which as a set equals R x C , an element (£, () acting by 
Z 2 ' - Z 2 + C 
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91 is simply transitive on B, which gives a natural identification 5R 5 (£, 0 = S 
i— g . 0 = \(\2, i j £B. Lebesgue measure on R x C corresponds to a H a a r 
measure on 91. The group {«(?)} of automorphisms given by 
a ( 0 ( £ , 0 = « , ' 1 / 2 0 • ' ' . 
has the properties (2. 1), (2. 2) will q= 2 and we have a smooth homogeneous gauge-
on 9i given by 
| ({ ,0 I = (£2 + ilCI4)1 / 2- . 
Let r be a discrete subgroup of 91 such that r \ 9 i is compact. Then, r\D is. 
a complex manifold with boundary (since .91 is identified with B). Again,, 
we identity functions on r\D with f u n c t i o n s / o n D such t h a t f o y = f for ail y£F. 
As in [6], for we denote / , ( z l , z 2 ) =/(z1 + it,z2) and ft(g) = ft(g-0). 
I f / o 7 = f , the same is true for ft and / , . So, we may define Hp(r\D) as the space of" 
all holomorphic functions f on r\D for which 
H/llfMr\D) = SUP ll/rllLP(r\9I) < 0 0 • 
(=>0 
T h e o r e m 3. 1. Let 1 </?-=«,. ///£H"(r\D), thenf= l i m / , exists in Lv(r\9t> 
r -O 
and f i-+f is an isometric imbedding. 
P r o o f . As known from [6], w h e n / i s bounded, continuous on D and ho lomor- . 
phic on D, then it has a Poisson integral representation 
(3.1) f t W ^ j H h ^ g i f Q i ' f y d h 
9T 
where, for g = (£, Q, 
(3-2) P'(g)= [^2 + (i + i |C | 2 ) 2 ] 2 " 
It is easy to see that for h, g in a compact, set and for large |y|, 
(3.3) | P ' Q i - ^ g ^ ^ C ^ . 
This shows the normal convergence of the series 
Pt(.g,h) = 2P\h-iyg) . 
ytr 
and therefore also that, for / bounded continuous on r\D and holomorphic on» 
r\D, we have 
(3.4) ft(g)= f P?(g,h)f{h.0)dh. 
R \ 91 
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Now, let f£Hp(r\D). For each fixed t0 > 0, fh has a representation (3.4). 
•(The boundedness of f follows from the usual subharmonicity argument for any 
generalized halfplane D ; in our special case, it is obvious from the fact that holomor-
phic functions on r\D are automatically bounded at infinity, cf. § 4). The standard 
weak compactness argument shows now that / is the Poisson integral of some func-
t ion in L"(r\$l). 
Next, we show that whenever / i s the Poisson integral of some cp £ Lp ( F \ 9 l ) 
we have lim f,= (p in L p ( r \ 9 I ) . In fact, using Jensen's inequality [12, Vol. I, p. 24]. 
»-o 
\\cp-f,\\p s f d g f P*(g, h)\<p(g) — <p(h)\pdh sS 
S2 Sig 
s f f P'(h-ig)\cp(g)-cp(h)\pdgdh + 
<S,K)iE 
+ f f [P?{g,h)-P>Qi-ig)\\(p{g)-(pQi)\pdgdh + 
(9,h)eE 
+ f f 
(9,h)iE 
F o r rj small enough, the first integral is small by the results of [6]; the second is small 
•since P*(g, ti)—P'(h~1g) is bounded on E. Once q is chosen, (3. 3) shows that the 
»third integral can be made small by choosing t small enough. 
We see now that, for f£Hp(r\D), / = l im/ , exists in L " ( r \ 9 t ) and / is the 
Poisson integral of f . The latter fact and Jensen's inequality show | | / , [ | ^ | | / | | which 
.implies ll/H 
i.i>(r\9i)— II/11//*> <r\D) ' finishing the proof. 
C o r o 11 a r y. H2 (r\D) is a Hilbert space. 
§ 4. An orthonormal system in H2(r\D) 
In this section, we specify r . Let k be a positive integer and r a complex number 
:suchthat l m r > 0 . Let 
I* = {(aImT ,6 + CT)| b,c,j(a + bc)£ Z 
Using some arguments of BREZIN [2, p. 614], it is not hard to show that we get all 
possible complex manifolds r\D up to isomorphism by taking r = r * . Different 
values of x give isomorphic complex manifolds if they are equivalent under the 
modular group. (It is well known [1] that the nilmanifolds are isomorphic for 
a n y two values of T.) 
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The inequalities 
determine a fundamental domain Q for ikz in 91. 
It is immediate [9, p. 137] that every function / holomorphic on r * \ D has a 
Fourier expansion 
f(z1,z2) = 2 e ^ - ' ^ ^ i z , ) 
m = 0 (mod k) 
with \j/m holomorphic and satisfying 
(4.1) ilfm(z + C) = ^ m ( z ) e ^ - 1 - ' " ( C z + m 2 ) 
for all £ = b+cx (b, c £ Z). Defining %m by 
—-?-(Iint)- 1 mz2 . 
XmO) = e 2 1j/m(z) 
(4. 1) is seen to be equivalent with the pair of equations 
J.Jz+1) = Xm(z), '/,„(z + T ) = e-mm(t + 2z) ym(z). 
These are the standard functional equations of ^-functions. They have holomorphic 
solutions only for m s O . As first observed by PJATECKII-SAPIRO [9, p. 1 4 0 ] , f rom 
this it is immediate that every holomorphic / i s bounded as I m z 1 - » ° ° . For m = 0, 
the only solutions are the constants; for m > 0, a basis of the space of solutions is 
given by 
nix 
(4.2) Xml (z) = 2 . <-"" ' c2"-iJ: . 
j = l (mod m) 
( 0 ^ / ^ m — 1), cf. [5], [10] where the several variable case is also handled, showing 
how to extend our results to «-dimensional D. 
By Theorem 3. 1., the computat ion of inner products in H 2 reduces to simple 
integrations on Q. An easy computat ion shows that 
(4 3) . 
(O^lon, m = 0 (mod &)) is an orthogonal basis of H2(r^\D). An application of 
the Parseval identity gives the norms: 
i 2 ^ if ( „ , / ) = (0,0) 
(4- 4) . IIpJIH'und) 2 1 / 2 f ImT> 3 / 2 
¿ m J if ( « , 0 ^ ( 0 , 0 ) . 
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Lr ( T * \ 9 i ) carries a unitary representation of 91, the "right regular representa-
tion", whose harmonic analysis is well known [8], [2]. We wish to elucidate the 
position of H 2 (7"*\Z)) and of the system (4. 3) in this context. We have [8] 
L 2 ( T i \ 9 i ) = © L(m) 
msO (mod k) 
where L(0) consists of constants and, for m^O, L(m) is the sum of \m\ copies of 
the irreducible representation of 91 determined by the character m of the center. 
Let {X, Y, Z} be the basis of the Lie algebra such that exp tX= (t, 0), exp Y= 
•= (it, 0), exp tZ=(0, t). It is known [4] that for an irreducible representation n of 9i, 
the space of s o l u t i o n s / o f dn(X+iY)f = 0 (sometimes called the vacuum subspace) 
is one-dimensional. 
d<pml 
In the present case, it is clear that q>ml£L(m), also we have 
oz2 
df 
dR ( Z + iY)f \e for any / d i f ferent ia te on D. Since 
= 0. An 
o 
0 
easy computation gives —— 
oz2 
X, Y are left invariant and since 91 acts holomorphically, it follows that 
dR(X+iY)cpml = 0. 
Thus, the space spanned by {<pm>0, •••, (pm,m-1} ( w > 0 ) is exactly the "vacuum 
subspace" of L(m). If we denote by Lml the space spanned by all right translates 
of cpmi, we have 
m- 1 
L(m) = © Lml 
i=o • 
a decomposition of L(m) into irreducible subspaces. By the method of B R E Z I N [2] 
one can now construct a concrete orthogonal basis of each Lml (m > 0) which contains 
ipml as its first element. 
As a curiosity, we mention also the following. If x' = — —, then and 
are isomorphic as complex manifolds under the map I : ( Z , , Z 2 ) I - - ( [ T | 2 Z 1 , xz2) 
and the map ft-* \x\2fo'i is an isomorphism of the corresponding H 2 -spaces. Since 
H2(r\\D)C\L( 1 ) is spanned by (p10, we have therefore C | T | 2 | | ^ 1 0 | | - 1 < P 1 0 O I = 
— l l ^ i o i r V i o . where cp'10 is constructed f rom x' the way cp10 is f rom x, and | c |= l . 7 
After a short computation this reduces to 
. t)}. 
where is given by (4. 2) with x' instead of x. This equation, except fo r the exact 
value of the argument of c, is the fundamental transformation formula of 0-func-
tions. 
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(5.2) c r = + iim 2 S ( y 0,0). 
§ 5. The Szegő kernel of r \ D 
In this section, we fix one of the groups rkz and denote it briefly by F. The Szegő 
kernel S of D is given by [6] 
(5.1) . .S(z,w) = -^-s[i(z1-w1)-z2w2]~2 
We define 
k_ 
4(ImT)2 ' o ^ < r ' 
It will be seen in the proof of Theorem 3. 1 that this limit exists. Further, we define 
(5.3) S*(z,w) = cr + S(z,W)+ Z[S(yz,w)-S(yO,0)]. 
L e m m a 5. 1. For z, w in any bounded subset of C 2 X C 2 , the sum in (5. 3) con-
verges normally after the omission of finitely many terms. 
P r o o f . F rom (5. 1) a simple explicit computation gives 
| S ( y z , w ) - 5 ( 7 - 0 , 0 ) 1 s C|)>|-5 / 2 
for |y| larige. Therefore, except for finitely many terms, the series is majorized by 
2 \ y \ ~ 5 1 2 which converges by (2.4) and the argument of Theorem 2. 1. 
T h e o r e m 5. 2. S* is the Szegő kernel of F\D, i.e. the reproducing kernel of 
the Hilbert space H2(F\D). 
P r o o f . By the same argument as in Theorem 2. 1 one shows that S*(yz, <5w)= 
= S(z, w) for all y,ö£F. Thus S* can be regarded as a function on r\Dxr\D. 
For fixed w 6 D, we introduce the usual notation S*(z)=S*(z,w). S* is a holo-
morphic function on D (and on r\D); this follows since, by Lemma 5. 1, S* is 
meromorphic everywhere and since none of the terms in (5. 3) have any pole on 
D. It follows now that S* is bounded at infinity (cf. § 4), and hence that S*£H2 (r\D). 
From the Poisson integral representation (Theorem 3. 1), it follows that point 
evaluations are continuous functionals on H2(r\D). Therefore to prove the Theo-
rem, it is enough to prove that ( / , S* )= f(w) for all w and for a system of functions 
that span H2(r\D). We will show this for the orthogonal basis {<pmt}. 
First, we have 
(^00,^) = fs*(g.0,w)dg= . 
= c r 2 ( l m ^ + 1 . m | - j s i g ^ w ) d g _ 2 ^ l S ( y ^ 0 ) 
k llah=r k O^lyl-rr. 
By [7, Lemma 6. 2], the limit of the integral on the right is 1/2. This shows that 
the limit in (5. 2) exists, and also that (cp00, S*)= l = (p00(w). 
186 A. Korányi 
Now, let (/77, /) (0, 0). To compute (<pml, S*) we note that by normal convergence 
of (5. 3) the series can be rearranged in any way and integrations can be performed 
term by term. Since clearly we have f <pml= 0, it follows that 
n 
(5.4) (<pm,„s:)= 2 jS(W,yu)q>ml(u)dm 
i f a 
where, as in [6], we denote u= y |z2 |2 , z 2 j , z2 = x2 + iy2, and dfi(u)= 
= dxl dx2 dy2. 
We have 
S(w,z) = 2 f e2*^.-*.)-^];^,! 
o 
which shows that S(w, u) as a function of x , is the Fourier transform of a continuous 
L2 -function. By [11, Theorem 58], the Fourier—Plancherel inversion formula is 
applicable pointwise (not only a.e.); thus, using (4. 3) and (4. 1), 
Im r 
k 
lim 2 f S(w,(^,Q-u)(pml(u)dx1 = 
{|aw im r 
k 
/71 = eamO-'tml'w.-lzi + CP + Wjfe + D + i ^ + O 2 ] ^ ^ - ) - ^ ) . 
To find (5. 4), we have to integrate this with respect to x2 and y2, and sum over 
This gives 
(5.5) / J e(Imt)^ + + /mi (z2)dx2 dy2 
To justify this step, it is enough to show that the integral exists absolutely. This fol-
lows by considering the series (4. 2) which defines / m ( ; for each term separately, 
the absolute integral exists and their sum is convergent. 
This also shows that (5. 5) can be computed by substituting (4. 2) and integrat-
ing term-by-term. This is a direct computation which shows that (5.5) equals (pmt(w), 
finishing the proof. 
R e m a r k . From (4. 3), (4.4) it follows by general principles that 
(5.6) S * (z, w) = ^ ( z ) < p m i ( w ) 
m> 0 
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§ 6. The generalized M . Riesz theorem 
Theorem 5. 2 shows that for / £ L2 ( F \ 9 i ) 
(6-1) Pf(z)= J S*(z,g.Q)f(g)dg 
r\9) 
gives the orthogonal projection of / onto H2(F\D). We will show that (6. 1) also 
defines a bounded projection Lp (r\5R) — H" (P\D) for all ] in the one-
variable case this is an equivalent formulation of the classical M. Riesz theorem on 
the conjugate function. 
As in [7], we denote for i=-0, g=(£, (). 
k<(g) = ^ 2 ( t + m 2 - i t r 2 
As shown in [7, §6], k is a kernel satisfying the conditions of Theorem 2. 2. 
We define ke, k*, k*-E as in §2. Furthermore, we define 
k?(g,h) = cr+ Z bK(h-lyg)-k(y)] 
Clearly, we have k*(g,h) = S*(g • 0, h (it, 0)), and therefore 
. (6.2) (Pf)?(g)= jk?(g,h)f(h)dh. 
r\9J 
L e m m a 6 .1 . Let l< /><°° ; Then, for all fdLp(T\SR), . 
lim f f(h) [kt (g, h) - (g, h)] dh = \ f ( g ) 
r\9! 
in the sense of convergence in Lp(r\iil). 
P r o o f . We give a sketch, omitting much tedious detail. Let £ be the set (2. 12) 
Then, there exists e0 > 0 such that the series 
kt(g, h) - kc(h-lg)= 2 iK(h~l yg)-k(-/)] 
is normally convergent for (g, h)£E, 0 < e ^ e 0 . This is a slight extension of Lemma 
5. 1 and can be verified by some explicit computation. Using this, one shows next that 
2lK(.h-1yg)-ks(h-iyg)] 
y^e 
is bounded for (g, and tends to 0 a s e —0. Thus, the integral operator 
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•defined on L" (i2) by this kernel tends to 0. This reduces the proof of the lemma to 
proving that 
lim f m [ ¿ e ( / r 1 g)-k\h-1 g)] dh = i f ( g ) . 
Making a change of variable, we have the identity 
f m [keif1'1 g)-k\h~l g) dh = I , +12 + /3 , 
Slg 
h = m J \ktQi~1) — ke{h~*)] dh, 
g-'ng 
i2 = J m g t y - f m i u h - ^ - n h - ^ d h , 
g-lSig 
/ 3 - / U{gh)~f{g)]ke{h-l)dh. 
g~lng 
By compactness, there exists r > 0 such that B(r)<zg~1 Qg for all g£Q. can be 
written as the sum of an integral on B(r) and one on its complement. The first tends 
to i - / ( g ) a s £—0, by the corollary of [7, Lemma 6. 2]. The second tends to 0 since 
the integrand tends to 0 uniformly. One shows that / 2 , /3 tend to 0 as e —0 by using 
Minkowski's integral inequality in the same way as in the proof of [7, Lemma 6..3], 
T h e o r e m 6. 2. Let 1 < p < ° o . The operator P, defined by (6. l)/or a///e L"(F\iH), 
is a bounded projection onto Hp(r\D). The boundary function of Pf is given by 
(6.3) . (Pf)~(g) = + / k*'\g,h)f(h)dh. 
e-0 r^g,] 
P r o o f . Pf is holomorphic since S* is holomorphic. By Theorem 2. 2, the limit 
(6. 3) exists in L p ( r \ y i ) and defines a bounded operator. Lemma 6. 1 shows that 
the boundary function of Pf is given by (6. 3). It follows that the L p -no rm of (Pf)~ is 
bounded for small i > 0 ; it is also bounded for large t since Pf being holomorphic, 
is bounded at infinity. So, Pf£ H" (r\D). 
To see that ? is a projection, we have to show P2= P. Now, P2f=Pf for 
/€ L1 ( r \ 9 l ) by Theorem 5. 2, and L 2 ( r \ 9 1 ) is dense in each L"(r\9l). T o see 
tha t the range of P is all of Hp(r\D), we note that Pf=f for all H2(F\D) and 
H2(T\D) is dense in each Hp(r\D) since / = l i m / , for all f£Hp(r\D), by 
Theorem 3.1. . 
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§ 7. R e m a r k s on the B e r g m a n kernel 
Le t J£2(T\D) b e t he space of h o l o m o r p h i c f u n c t i o n s s q u a r e i n t eg rab l e o n 
r\D. A f u n d a m e n t a l d o m a i n f o r t h e a c t i o n of T o n D is given by ( R e z t , z2) £ ß , 
Im Zj > i | z 2 | 2 whe re Q is a s in § 4 . I n n e r p r o d u c t s in J § ? 2 ( r \ Z ) ) a r e c o m p u t e d b y 
in t eg ra t ing o n th i s d o m a i n . 
I t is easy t o see t h a t t he sys tem (4. 3) wi th t he omis s ion o f cp00 is a n o r t h o g o n a l 
bas is in i ? 2 ( r \ D ) a n d o n e h a s 
I m T 
( 7 . 1 ) \\9ml\\h(r\D) = ^¿\\<Pml\\2HHr\D)-
D e n o t i n g b y K * the B e r g m a n ke rne l of r \ £ > , we h a v e by (4. 3), (4. 4), 
• 21/2nk m~1 — 
( 7 . 2 ) K\z,w) = 2 ™3/2 2- <P*,(Z)<PM-
U m T J m = 0 (modfc) 1=0 m>0 
3 
By (4. 3) a n d (5. 6), th is i s equa l t o — 2 / — — S*(z, w). Le t K d e n o t e t he B e r g m a n ke r -
• OZ1 
& 
nel of D. F r o m the explici t f o r m u l a s in [6], we see t h a t K(z, w) = —2i—— 5 ( z , w). 
oz i 
T h u s , by (5. 3), it f o l l ows t h a t 
( 7 . 3 ) K*(z,w) = 2K(yz,w). 
yer 
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